AIAA JOURNAL
Vol. 35, No. 2, February 1997

Accelerated Iterative Procedure for Calculating
Eigenvector Derivatives

Ougqi Zhang*and Aspasia Zerva'
Drexel University, Philadelphia, Pennsylvania 19104

An iterative method for the computation of eigenvector derivatives of real-valued, symmetric systems has been
proposed. The process is shown to converge to the exact solution with any initial values, and it is numerically
stable. However, since the convergence rate is determined by the ratios of the eigenvalues, the convergence rate
will be prohibitively slow when the ratio is close to 1. Two efficient accelerated algorithms are presented. Numer-
ical examples show that when the eigenvalue ratio is greater than (.70, the computational effort in the iterative
process is drastically reduced. The procedure incorporates the method of frequency shift to deal with a singular
stiffness matrix that also provides an additional improvement for the convergence. When the eigenvalue ratios
are extremely close to 1, the second generalized stiffness matrix inverse is suggested to reestablish a high con-
vergence rate. The procedure can be used as an exact as well as an approximate method. It requires no more
eigenvectors than those whose derivatives are to be calculated and can be applied to systems with repeated eigen-

values.
Nomenclature
A =Y, A—1 W= _Y A—“I”
C; = modal pa1t1c1pat10n coefﬁ01ent of ¢I defined by
/.
Cijq = g)loddl pa1t1c1pat10n coefficient of V},, defined by
]a —_ \P Cja

Cju = modal participation coefficient of V,, defined by
I/ju = \Ilucju

F; = K/ _ M _ ;M|

1 = unit mdtr1x

K.M = real, symmetric stiffness and mass matrices

K1, My = derivatives of K and M

n = system dimension

q = number of available eigenvaluesand eigenvectors,
or number of eigenvectorderivatives demanded

T = residualof (V},), used as searching direction at kth
iteration

U; = particular solution of Eq. (6)

Via = component of ¢I in the range of \¥,, ¥, C},,

Viu = component of ¢I in the range of ‘¥, ¥, C,

Vi = kth iterative solutlon for V,

Z; = modal participation coefficients of ¢ in the range
of @;, defined by ¢y = U; + @, Z;,
i=jj+ 1, ..., j+m_1;m>1;
A; is an m repeated eigenvalue

O = acceleration parameter used in algorithm 1

(Al/ju)k = the error Of(I/ju)ka (I/ju)k —_ I/ju

A =diagonal (A4, Ay, ..., A,), eigenvalue matrix;
Mk < ... )'q<)-q+l e

A, =diagsonal 1,)5,4“,2\,1) S-S

A, = diagonal(),l, Aoy &)

A, = diagonal (Ag 4+ 1, Ay 42, -, &)

Au =diag0nal(}.q+1, )'q+25“45)'n)

A = jth eigenvalue

A = jth effective eigenvalue, 4, _ 4

)/j = derivative of the jth eigenvalue

A = frequency shift
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= acceleration parameter used in algorithm 2,

(&1 &)’

g

o = allowable relative error of the iterative solution
(V4 defined as o W) Vi
or al)l%owable relative dllﬁerénce Fof the L[ij!lcjetu
1terat1ve solutions defined as

IVM)IH— 1 _(Vju)kl,uil/j”)ksu

D, = dlffe tiable eigenvector nlatrix associated with the
jthof m(m > 1) repeated eigenvalues,
(D> @j+1s Djs2s o Bim_i]

o = jth differentiable eigenvector

d); = jth eigenvector derivative,

\PCj = I/ja + I/ju = \PaCja + \Ilquu

b4 = complete eigenvector matrix, [@y, ¢, . . . , O]

Y, = available eigenvector matrix, [¢, ¢, ..., ¢,]

¥, = unavailable eigenvector matrix,

[Gs1- by B
@ = acceleration parameter used in algorithm 1
” ” = vector or matrix norm

I. Introduction

HE dynamic behaviorof a structuralsystem is characterizedby

its eigendata. The partial derivatives of eigenvaluesand eigen-
vectors of structures with respect to design variables or system pa-
rameters have attracted extensive attention for the last two decades
because of their various applications, such as optimal dynamic de-
sign, parameter identification, model modification, machinery fail-
ure diagnosis, and system control.

The most straightforward approach for calculating the deriva-
tives is the finite difference method; besides this, there mainly exist
three categories in the literature: the modal method,!™* the direct
method,">~!? and the iterative method.'> ! Fox and Kapoor' de-
rived the direct and modal methods. Nelson® simplified the calcu-
lation of the direct method. The eigenvector derivatives with re-
peated eigenvalues are derived by Ojalvo, Mills-Curran,”-® and
Dailey.” Reference 19 presented reviews for the early work in the
area. Reference 11 compared the operation counts of the modal
method and the modified Rudisile and Chu’s iterative algorithm.
The relative efficiencies are surveyed in Ref. 20 for the finite differ-
ence method, modal method, Wang’s modified modal method, and
Nelson’s direct method on the basis of central processor seconds.

The calculation of the eigenvector derivatives involves extensive
computationaleffort. The direct method is one of the most efficient
methods that produces exact solutions and does not need eigenvec-
tors more than those whose derivatives are to be computed. But
because its amount of computational effort is proportional to the
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number of eigenvector derivatives required, the application of the
method becomes expensive when many eigenvectorderivatives are
demanded. On the other hand, the truncated modal method has an
insuperable efficiency but suffers a serious accuracy problem. To
improve the accuracy of the modal method, Wang? proposed a mod-
ified modal method, which was extended by Liu et al.!7 and Zhang
and Zerva'® to an iterative algorithm that can be used as an exact
method as well as an approximate method and, just like the direct
method, does not require additional eigenvalues and eigenvectors.
The method assumes that the inverse stiffness matrix exists. Re-
cently, Lin and Lim?! and Zeng* presented an approachto deal with
singular stiffness matrices. The convergence rate of the iterative
method depends mainly on the ratio of the specified eigenvalue to
the lowest unavailable one, and when the ratio approaches 1, the
convergence rate of the corresponding eigenvector derivative will
reduce quickly and the method becomes more expensive than the
direct method.

In this paper, an effective accelerated iterative procedure is pre-
sented as an extension of the methods in Refs. 2,17, 18, and 21.
After a brief descriptionof the problemand the basic iterative equa-
tion, the method proposed by Lin and Lim?! and Zeng* for dealing
with systems with zero eigenvalues is introduced in Sec. III. Two
accelerated algorithms are formulated in Sec. IV. Several relative
problems are discussed in Sec. V, followed by two illustrative ex-
amples in Sec. VI. The paper is closed with a brief summary.

II. Preliminaries

Consider a structural vibration system characterized by the real,
symmetric stiffness matrix K = R"X" and mass matrix M X,
which are functions of the design variables. Assume that both K
and M are positive definite (this restriction on the stiffness matrix
will be released in Sec. III). The eigenproblem is defined by

[K _AM]x=0 (1)

where Aand x = R" are the eigenvalue and eigenvector, respec-
tively. If the /th igenvalue /; is distinct, the differentiable eigen-
vector is uniquely defined by Eq. (1). When 4, is a repeated eigen-
value with m(m > 1) multiplicity, 4 = A411,... = Asm_1,
but its derivatives are distinct, the unique differentiable eigenvec-
tors are derived by Ojalvo,® Mills-Curran,”-® and Dailey.’ Denoting
X =[x, X141, --->Xi+m_1] £ R*X" the nonunique eigenvector
submatrix associated with A, and ® — [¢, ¢4 1, .-
R'x™ the corresponding unique differentiable eigenvector subma-
trix, there must exist a nonsingular transformation matrix 7 —

[t trts s tremt] @ RYX™ satisfyingd = XT.Let X and ®be
normalized by
X'MX = I; DMO=T'XMXT=T'T=1 (2)

where [ stands for identity matrix and the superscript ¢ indicates
matrix transpose. It is seen that 7' is orthogonal. Differentiating
Eq. (1) with the differentiable eigenvector ¢;, one obtains

[K A M1¢) + [K _4; MV,
= [K _ 2 M1/ + [KI _ 24 M _ 2, MIlg; = 0
j=LI+1,...,l+m_1 (3)

where the superscript/ stands for the first-order derivative with re-
spect to the design variable. Substituting ¢, = Xt;, we have (note

¢ F X))
[K_).,]M]¢5 = _[K/_AIJ-M_).,]'M/]XZ‘]'
j=LI+1,...,l+m_1 (4)

Premultiplying it with X”, and noting that X'[K _ A; M] = 0 and
X'MX = I, we have
(X'[KI _A; M X)t; = Nt Jj=LI+1,...,l+m_1 (5

It is recognized that this is an m y, m standard eigenproblem. Since
its eigenvalues 7(5 are assumed to be distinct, #; will be unique, and

o) ¢l+m_l] €

both can be obtained by solving this problem. Substituting 7(5 and
¢; = Xt; obtained from Eq. (5) back into Eq. (3), we have

(KM = _[KI _ WM _ 2 MI§; = F; ¢,
j=LI+1,...,l+m_1 (6)

where F; — _[K/ _ ;M _A; M1]. Note that the coefficient matrix
[K _A; MThasrank n _m and a kernel spanned by @. Therefore,
the generalsolution of ¢ can be expressed by

¢5:Uj+d)zj j=LI1+1,. .., 1+m_1 (7

where U, " is a particular solution of Eq. (6) and Z; =~ R"
will be determined by U; and the differentiation of Egs. (2§and
(6) (Refs. 6-8). The expressions for Z; adopted from Ref. 7 are as
follows: for i = j,

2y = —¢}(3MI¢; + MU,))
fori7/j,

j=LI1+1,...;1+m_1 (8)

G (Kn _220,M1 _2; M@, + 2¢} F;U;
2% )
Lj=L14+1,...,1+m_1;

zi; =

i ©)
where double prime indicates the second-order derivatives.

Inthis paper, we addressthe computationof the particularsolution
U;. Inthe derivation we assumed that the eigenvalue derivatives are
distinct, but they canalso be repeated, becausethe particularsolution
U; has exactly the same expression and will be solved using the
same method whether the eigenvalue derivativesare distinct or not.
The eigenvalueand eigenvectorderivatives with repeatedeigenvalue
derivatives are derived in Ref. 22.

Modal Method

Let¥V £ R" X" bethe eigenvectormatrix normalizedby W' MY =
1, and express ¢5 = YC; with C; R" to be determined; the
substitution of ¢5 = WC; into Egs. (7)and (6) leads to

_9F¢; L ..
Cij_)q'—)vj j=LI1+1,.. ., l+m_1 17]
(10)

where we assume 4 = Ay1,... = Aym_1, m

¢;; = z;; that have been given in Egs. (8) and (9). —
Suppose that the first g(g n) eigenvector derivatives are to

be calculated, and these g eigenvectors and eigenvalues have been

obtained. Letthe differentiableeigenvectormatrix Wand eigenvalue

matrix A g R be partitioned into

1; fori = j,

\P:[\Ila \Ilu]; \Pa E[¢la ¢2a‘“a¢q]
(11)
\Ilu E[¢q+la ¢q+2a R ¢n]
A, O .
A= [ ) m]; A, g, Jo, o 7)
(12)
Alt Ediag()'q+la )'q+2a“‘a)'ﬂ)
where
A<h <ok <Ao< (13)
Correspondingly, let
¢5 = \PC] = Vja + Vju; Vja E\Pacja
(14)
I/ju E\Ilucju
where
Cio =(c1j5 2y -+ - cgi)'s Ciu =(Cqa1s Cgrajs--os nj)
(15)
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The s1mple truncated modal method approximates d)/ by ¢ ~
«- This is a very rough approximate solution because it negllects
VM completely, but it is an exact solution for V.

Iterative Method

The iterative method used in the proposed procedure was derived
originally in Ref. 18. Since ¥}, can be easily and efficiently cal-
culated by the modal method, the iterative method considers the
determination of the term 7}, only. Let

A=Y AT, (16)
= YAV = YA + WA

u

which, because K-
actually obtained from

A= K-' _¥ A (17)
Noting W, A-"W'[ K_A; M]¥,C, = 0,and premultiplyingEq. (6)
with 4, we obtain

ALK _ 2 Mgy = VAT K 2 MYV + Vi)

=W ASYIK _AM(Y,Cjo + W.C)
= VY ASYIK _ 1 MY.Cj,
= \Ilquu —)“j\IIuA;“IﬁM\IIMCju = I/ju —)‘j AMI/]M

= [I _ A AMV,;, = AF;¢; (18)

(1 2 AMIV;, = AF; ¢, (19)

It will be shown in the Appendix that the coefficient matrix [1 _
A; AM] is nonsingular. Therefore, Eq. (19) can be solved directly
as a general linear system, but we will treat it only as an iterative
process:

(Vi = AF;; + A, AM(V,)i J<a; k=12,...

B (20)
Equation (20) will be referred to hereafter as the basic iterative
equation. It can be shown that after k(k > 1) iterations,

(Vju)k:izn:l[l_( ) ]¢F¢f

n

L\ _
ﬂngf)%Mwwm' i< 1)

where (V,)o stands for the initial value. The comparison of Eq.
(21) with the exact solution, Eq. (10), shows that the term (A;/ A;)*
represents the error because of the ith unknown eigenvector. When
k tends to infinity, (4;/ A)* vanishes because A;/ A, < 1,and (V},)x
converges to the exact solution with any initial value. Equation (21)
also suggests that (7, )o can be set equalto zero. Note that in each
iteration, the roundoff error in the subspace spanned by the lower
eigenvectors ‘¥, will be automatically wiped out, which results in a
very stable iterative process.

III. Generalized Stiffness Inverse
and Systems with Zero Eigenvalues

In the previous sections, we assumed that the stiffness matrix is
nonsingular. In this section, we describe a variation of the iterative
method to deal with singular stiffness matrices.

The eigenvector derivatives with zero eigenvalues were derived
by Akgin.? From Akgin’s derivation we concludedthat the solution
of V;, can still be expressed by Eq. (10). Hence, we only need to
modify Eq. (19) so that it defines the desired solution using the given
singular stiffness matrix.

Following the method proposed by Lin and Lim?' and Zeng,* we
construct

A=A = K- WA, (22)

where
A=A
7\:¢:Au—20; 207)?’ j:L“"n

where 4, is the frequency shift. We call K=! with Ay > 0 the
generalizedstiffness inverse thatexists whether the original stiffness
matrix is singular or not. Note that it preserves the sparsity, if any,
of the original system. Premultiplication of Eq. (6) with A4 gives

k= = [K _ZoMI;
(23)

ALK 2 MYV, = A(K _ M) _ (A — J) MV,
= Vju _ X AMV;, = AF;¢; (24)
or
[1 2 AM]V;, = AF; ¢ (25)

The differences between Eqgs. (19) and (25) are that A is replaced
by A4 and A, replaced by A;. Note that Eq. (25) defines the exact
solution for V.

With this modification, the effective eigenvalue ratios are
changed. Let (V,,)o = 0 l/).,Lf 1, j <4q < i < n, after
k(k>1) 1terat10ns Eq. (21Lbeco

n

wmwzzzp_&ﬂ%q%ﬂ%¢
i 1 j

= Z 1 _(%/l)k]l dl ¢’ J <4 (26)
i 1

If only the effective eigenvalue ratios L%/).,» |t< l,j<qg<ign,
the basic iterative Eq. (20) will converge to the specific eigerivec-
tor derivative. The restriction for the frequency shift to satisfy this
inequality is Ay < 0.5(A + A4+ 1).

Equation (20) shows that the error is ultimately controlled by
Al Aq+1. The effective eigenvalue ratio A,/ A, 41 in Eq. (26) is
reduced by increasing Ag; however, increasing A, will increase
Ail A+ 1. 1t can be seen that when Ay = 0.5(4 + A, +1), the ef-
fectiye eigenvalue ratio A,/ 4, 4| is decreased to the limit, because
|), /).q+1 will be equalto 1.

Considering the efficiency of the iterative method and assuming
Ay + 118 given, the writers suggestto set Ay > A; satisfying |l /).,l <
0.95, j «q < i «n, whichyields

X[),l,(aq _0.95%. 0] _ ho < (A +0.952,11)

0.05 1.95 7
If this condition cannot be satisfied, a second generalized stiffness
inverse may be necessary. Inthis case, the availableeigenvectorscan
be divided into two sets, and two generalized stiffness inverses are
formulated for calculating the correspondingset of the eigenvector
derivatives. If the original stiffness matrix is singular, 4; in Eq. (27)
is taken as the first nonzero eigenvalue.

Frequency shifthas beenused to acceleratethe convergenceof the
computation of eigenvectorderivatives* !> When A is properly se-
lected, and the available eigenvalues are clustered, this generalized
stiffness inverse has a substantial effect on the rate of convergence.
Note that Eq. (27) defines only the effective range for Ay. The de-
termination of a proper A will be given in Sec. V.

For simplicity innotation, we use K-! for K-! and A; for l inthe
remainder of this paper. In practice, however, only the generahzed
stiffness inverse with Ay > Ai, A 7’ A,i=1,2,...,n, shouldbe
used.

IV. Acceleration Techniques for Iterative Process

The degree of efficiency of the proposed procedure depends
mainly on the convergence rate of the iterative process. Equation
(21) shows that if the eigenvalue ratio A;/ 4,41 is small, the ba-
sic iterative method converges rapidly. However, when A,/ 4, 4 ; is
close to 1, the convergence rate will be prohibitively slow. In this
section we present two simple but effective accelerationtechniques
to increase the rate of convergence.
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Construct the following scalar function with the vector variable

y ER”I
S(v) = 3V M _2; AM]y _y' AF; ¢ (28)
Note that the matrix M[I _A; AM] is symmetric positive definite
(seethe Appendix for details). It is known thdt the minimum value
of S(y) isachievedby settingy = [I_A; AM]-! AF;¢; = V;,. That
is, the desired solution of ¥}, can be obtained by minimizing S(y).

Provided that a good searching direction r, has been determined at
the kth iteration, then

(I/ju)k = (I/ju)k + @tk (29)

will produce a better estimation of the solution, where @, is a scalar
parameter chosen so as to minimize S[(¥,)r + @xr«]. Substitution
of Eq. (29) into Eq. (28) and minimization of Eq. (28) yield

_ (ri Mry)
B [riM(I —2; AM)r]

The residual of (V,), is a good searching direction r,. Let
(Vi) = Vju+(AV;,)i; fromEq. (21), we obtainthe error of (¥, )«

(AV) = ZH ) ]¢F¢f

(30)

= WA TA A F g (3D
from which and from Eq. (16) we have
X AM(AV ;) = (AV)k+1 (32)
and, noting [I _ A; AM|V;, = AF;¢;, we obtain the residual of
(Vju)k as
AE @ [T 2 AMY(V,.)
= AF;¢; _[I _A; AM]{VJ-M + (AVju)k}

= WA I[N ] (A L Fd (33
From the comparison of Eqs. (31) and (33), it is seen that Eq. (33)
gives an approximation for (AV,),. In the special case of M =
I, the procedure just above described is, basically, the method of
steepest descent.

Also from Eq. (31), we observe that there may exista strong trend
of monotonic convergence,and a multiplier will provide additional
improvement:

(Vik == o(Viu)k (34)

where the scalar multiplier ¢, is, again, obtained from the mini-
mization of Eq. (28):

(M AaF;¢)

T [rEM 2y AM)r]

(35)

In summary, we have the following accelerated iterative proce-
dure:

(Vju)0:0
Fork=1,2,...,

Ve = AFj¢j + )~j AMV ;)i _1
ri= AF;¢; (I _ A AM)(V;i)i
@, = (rf Mr)l [ri M(I _ A; AM)ry]
= (ry M AF;¢)] [ry M(1 — 2; AM)ry]
Vi = o4[(Viue + @]

This leads to the following algorithm.
Algorithm 1:

b= AF;¢;;

Fork=1,2,...,

pri=(_ab+ op, + o(p;s —py)]
pr=b+ l AMp,

= e <

, stopand let V;, = ps;

otherwise
p3 = b + ).,]AMpz

= (r'Mr)[[r'M(r — ps + p>)]
a:= (r'Mb)/[r'M(r — ps + p»)]
ki=k+1

where ois a given small number, > 0.

It is noted that, in each iteration, the major computational work
amounts in computing A; AMp, and A; AMp,; the term Mr will
be available during the computation of these two products. That
is, in each iteration, the preceding algorithm needs twice as much
computation as the basic iterative method.

Equation (29), rewritten as

(I/ju)k = (I/ju)k + Qg

= Q[AF;§; + 4 AM(V )il + (1 — @) (Viu)k (36)
implies that @), + (1 _ @) = 1, a seemingly necessary require-
ment since when (V;)x = Viu, AF;9; + L AMV ) = Vi
However, during the iteration, (¥, )« Z( V., and thus it is slightly
overrestricted. We release this restrictidn in algorithm 1 by the mul-
tiplier ;. A more sound alternative would be the introducionof two
variable parameters

Vi = Ga (Vi + Gorie = [(Vi)es 112k (37

where 2, — (&1 §,)' ER2 is also determined from the minimiza-
tion of Eq.(28),

E = (Ve ] MU _ 2 AMD[(V )i i1}

sc [V 1" MUV )i ] (38)
This leads to the following algorithm.
Algorithm2:
b:= AF;¢;; E=(& &' =0 0
Fork=1,2,...,
pri=b+&(py _b)+ &(ps —
D= b+ )« AM]J1
p= Pl,Pz],lf » —Pi||||p2]| < o stopand let V;, = ps;
otherwise ”P ””P ”
py i =b+ A AMp,
E =[(p1 — 72 + b) (p2 —p3+D)]
ka = p‘MﬁJ- P M

In each iteration algorithm 2 also requires twice the computational
effort compared with the basic iterative method. The counterpart of
the multiplier o4 = (rj M AF;§;)/ [ri M(I _2A; AM)r;] inalgorithm
1 is no longer necessary. In algorithm 2, the residual, [ AF;¢; _
(I —2A; AM)(V;,)i], is replaced by AF;¢; + A; AM(V,);; it can
be shown this makes no difference.

V. Discussion

The most reliable convergence criterion is that the relative error
between the exact and the iterative solutions is less than a given
small number,

I/ju )k —_ I/ju
Vi
Because the exact solution is not known, an alternative criterion has

to be adopted such as the relative difference of the adjacent iterative
results:

<o (39)

”K ]u)k+l—(I/ju)k!! <o (40)

7]
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This is also suggested in the accelerated iterative algorithms. Gen-
erally, a small relative difference does not necessarily mean a small
difference to the exact solution. However, for the proposed method
the norm of (¥, )k+1 — (V}.) can be directly related to the norm
of (Vju)k _— Vju‘ Denoting (Vju)k+l = AF] ¢j + )vj AM(Vju)ka
as defined in the basic iterative equation, and noting (V},); =
Viu + (AV},)k, from the accelerated algorithms we have

Ty = (Vju)k+l —(Vju)k = (AVju)k+l —(AVju)k

= I _ A AMI AV = [T 2 j AMUV i) — Vi
(a41)

Hence,

Ve =Viju = _[I_leM]‘l{(Vju)ku —(Vju)k} (42)

and

(Vi —=Viu|| < [ =2 AMY ||| Vides 1 =(Vide|| (43)

which shows that Eq. (40) is a reliable convergence criterion. Using
two-norm, when M = 1, J’t — A AM]- ll— VA _ A 240
We show some detailsa uthow theacc eratedalgorlthms work.
Let (V},), be the left-hand side of the first equation in algorithm 1
at kth iteration, and stilldenote (V. )i +1 = AF;¢;+ A4 AM(V; )
Let o — 1; algorithm 1 gives the residual at (k + 1)th iteration as

= N AMAF;¢; _[1 _2; AMIA; AM(V,,),

= N AMAF;¢; _ 2y AM(V},)i + A; AM

X{(Vju)k+l - AFj¢j}— QI _2; AM]A; AMry

- )“ AM{(I/]M)k+1 —(I/ju)k}_ I )« AM])., AM}’k

= [(1 — @) + @.; AM]A; AMr

= W[ )]+ al A7 4 A Y Mry (44)

Taking advantage of Eq. (41), we can write Eq. (44) as

Vst = Vi = W[(1 —a) T+ @ Xy A7

in which (Vj,t)kJr 1 1s the left-hand side of the first equation in al-
gorithm 1 at (k + 1)th iteration. Furthermore, if we let @ = 1,
algorithm 1 will regress to the basic iterative method and the right-
hand side of Eq. (45) becomes

(I/ju)k+l —I/ju = \Ilu[)-yA ][)“ M{(I/ju)k—l/ju} (46)
The comparison of Egs. (45) and (46) shows 1) when 1 < @, <
1/(1 _A;/ Ay 4 1), the maximum value in the diagonal matrix [(1 _
@)1+ @.A; A7 reduces from A,/ A, 1 to (1 _@,) + @A/ Ay 4 1,
but the absoluteminimum element increases from A,/ 4, to J( 1_@)
+ QA [ Ay l~a) 1, and 2) these increased elements are elimi-
nated effec ively by the multiplication with [A; A-']. This is the
reason for the presenceof (V) = AF;¢;+ A; AM(V;,),_; inthe
proposed algorithms.

It canbe seenin Eq. (45) that the accelerationparameter ¢, works
in a way somewhat similar to the frequency shift in Eq. (25), and
for an arbitrarily given @, within 1 < @, < 2, r; will tend to
zero and the process converges. The use of the proposed accelerated
algorithms can yield very large values for @,. From this point of
view, a system with a larger dimension may converge a little faster
because it is more likely for the acceleration parameter @, to be
large.

The number of iterations required to satisfy a given convergence
criterioncan be well estimated for the basic iterative Eq. (20). From
Egs. (31), (21), and (14), one obtains

Wik —Viu = (AVii = “H[ A7 A — 41 ¥ F g,

= _W[N A MELA, X1,

= WA MY, = A T MY.C

= UAAMCL Ky @)
It follows that
A\ W —Va
~ T H ks1 48
( )'q+ 1) ~ I/ju Z ( )
and
k lOg[ I/ju)k—l/ju”/ I/jul!] k>1 (49)

~ I lOg()g/).q_;I i ' =

In the examples that follow, we will see that this estimated number
of iterations is quite accurate and a little conservative. Note that
Eq. (49) applies to the basic iterative method; when the accelerated
algorithms are used, it converges much faster. Also note that the
iteration number thus evaluated is determined by the relative error
to the exact solution.

From Eq. (48) it is seen that the major error of the solution is
eliminated by the first several iterations.
_ UsingEq. (49)to estimate the required iterations for )4/ )L,, +1and
Ayl 24+ 1, and assuming Eq. (27) is satisfied, one can determine a
compromised frequencyshift A with the followingone-dimensional
searching scheme:

0.5(M + Ag41)

N =
m
Fork=1,2,...,m_1,
Ao ==k
:|A_Ao| i=lg,q+1
log o

~ [l Zg s 1) + 1oyl 2+ )]
o = min(n)8% 7 A

where o represents the convergence criterion defined in Eq. (39),
and m can be set to 10.

For the first eigenvectorderivative, the main computationaleffort
amounts to calculating the generalized stiffness matrix inverse; this
computation can be thought of as equivalent to the direct method.
Fromthis pointof view, the differencebetweenthe directmethodand
the iterative method is that the former solves a different generalized
stiffness matrix inverse for each derivative, whereas the latter takes
the advantage of the first generalized stiffness inverse to compute
the rest of the eigenvectorderivativesand thus avoids the formation
of a new generalized stiffness inverse each time.*

It is not necessary to explicitly calculate the inverse of the
stiffness matrix for the iterative procedure, only, say, a Cholesky
decompositior?® of the stiffness matrix is sufficient. It is also not
necessary to calculate A, 4 1; A can be simply and, in most of the
cases, conservatively set to

Qo= 0450 + A,) (50)

The iterative method is an extension of Wang’s modified modal
method. In fact, the first iterativeoutput (V;,)1 = AF;¢; inEq. (20)
is Wang’s solution using the explicit method.

For systems with a relatively large dimension #, and relatively
large number of eigenvector derivatives to be calculated, the pro-
posed procedure will be more efficient, because more eigenvector

i=12,...,q
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derivatives are expected to be calculated with small eigenvalue ra-
tios. Note that the convergence speed is independent of the system
dimension;this follows from Eq. (49) for the basic iterative method.
For the same reason, for relatively small systems, the proposed pro-
cedure will be less efficient, because the number of iterations will
remain more or less the same.

The iterative process will become less efficient with increasing
the number of multiple design variablesbecausethe iterativemethod
repeats the same process for every multiple design variable. On the
other hand, the direct method needs only little more computational
work for multiple design variablesthan for a single variable because
the coefficient matrix requires Cholesky decomposition just one
time.

VI. Illustrative Examples

In this section, two examples are presented to illustrate the per-
formance of the proposed procedure. The first exampleisa 12,12
structuraldynamic model with stiffnessand mass matrices shown in
Tables 1 and 2. The first-order derivatives of the diagonal mass ma-
trix are shown in Table 3, and the derivative of the stiffness matrix is
consideredto be zero. The system eigenvaluesare shown in Table 4.
The second example has a dimension of 40 , 40. Its stiffness and
mass matrices K and M are symmetric and positive definite; the
derivatives K/and M/ are symmetric; all are full matrices generated
by a random function. The first 12 eigenvalues of the second exam-
pleare givenin Table 5. In the computation, the exact solutionof V;,,
is obtained by solving Eq. (19) directly; V', is obtained by means

Table 1 Elements of K(X104) (first example)

260 _60 _40 0 0 0 0 0 0
60 320 _40 _40 0 0 0 0 0
40 _40 220 _60 _40 0 0 0 0
0 _40 _60 120 _40 _20 0 0 0
~40 _40 180 _40 _20 0 0

20 _40 180 _60 _60 0
0 20 _60 240 _40 _50
40 200 _20 _50 0
0 50 _20 220 _50 _30
0 0 50 _50 240 _60 _50
0 0 0 30 _60 240 _60
0 0 0 0 50 _60 180

[=NelololoXoRel=]
[=NelololoXoRel=]
[=NeloNoRoXeXe)
[=ReleNoNe]
[=NeloNoRoloRe)
[=NeloNoRoloRe)
[=NeoNeoNoloXoX-lo e

0
0
0
0
0

Table2 Elements of VP (first example)

10 12 22 12 18 18 14 20 22 14 14 8

4 M is a diagonal matrix; only the diagonal nonzero elements are given in the table.

of the simple truncated modal method. The convergencecriterion is
Eq. (39) with o= 0.005. Note this is the relative error to the exact
solution.

Table 6 gives the exact solutions for the first four eigenvector
derivatives (¢ = 4) of the first example and the correspondingele-
ment percentage errors to the exact solution by the truncated modal
method, Wang’s modified modal method (implicit method), and the
iterative procedure with and without the acceleration techniques.
For the truncated modal method, (¢ + 2) = 6 eigenvectorsare uti-
lized. For Wang’s and the iterative methods, ¢ = 4 eigenvectors,
the same as the eigenvector derivatives demanded, are used in the
calculations.It should be emphasizedthat Wang’s method is not sup-
posed to be used when only ¢ eigenvectors are given. The solution
of Wang’s implicit method using ¢ eigenvectorscomputed herein is
used to provide a comparisonand help show the performance of the
proposed procedure.

From Table 6 it is seen that the truncated modal method yields a
very roughapproximatesolutioneventhoughtwo more eigenvectors
are used. Wang’s implicit method provides much better results. The
powerfuleffect of the accelerationtechniquesis clearly shown. Note
the last eigenvalueratio is quite large, A,/ 4, + 1 = 0.9471.To satisfy
the given accuracy criterion, 97 iterations are estimated based on
Eq. (49): (0.9471)°7 < 0.005. The actual number of iterations is
96 using Eq. (20) without acceleration techniques (this is actually
the iterative method proposed in Refs. 17 and 18). However, when
the acceleration techniques are invoked, only 8 (algorithm 1) or 10
(algorithm 2) equivalent iterations (given by doubling the actual
iterations in the accelerated algorithms) lead to convergence. In this
case, (96 _10)/96 ~90% of the computationalamounts is saved.

Table 3 Elements of M/* (first example)

2 1 0 1 0 1 4 2 0 4 1 2

4 M1 is diagonal.

Table4 System eigenvalues (first example)

0.2159+5 0.4260e+5 0.7521e+5 0.1104e+6 0.1166e+6 0.1342¢+6
0.1404e+6 0.1956e+6 0.2199¢+6 0.2213e+6 0.2671e+6 0.3210e+6

Table5 First 12 system eigenvalues (second example)

103.76
461.30

0.70 12.35 22.34 32.12 99.75
131.60 228.90 262.09 291.14 391.50

1401
1201
1001

801

60 1

Equivalent iterative number

40 1

201

I m—

esssecfrrune:

— e
———

Estimated by Eq.(49)
Basic iterative method

Algorithm One
Algorithm Two

0 = T T

00 0.1 02 03 04

05 06 07 08 089 1.0

Eigenvalue ratio

Fig.1 Comparison of the equivalent number of iterations (the last two points for the estimated number and the basic iterative method are not shown

on the plot; see text for details).
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Table 6 Error® comparison of eigenvector derivatives (first example)

Modal Wang’s Iterative Iterative Iterative
Exact method method® basic eq.¢ alg. 14 alg. 24
solution (sixmodes) (fourmodes) (four modes) (fourmodes) (four modes)
(k=2)° (k=4 (k=4f
¢ _0.001280 19.06 1.53 0.03 0.02 0.02
_0.002032 10.43 0.11 0.02 0.00 0.00
_0.006173 10.33 0.42 0.04 0.01 0.00
_0.007213 14.17 0.61 0.05 0.02 0.00
_0.006048 6.60 0.21 0.02 0.01 0.00
_0.002117 11.56 0.79 0.02 0.02 0.00
0.001189 128.65 1.88 0.13 0.06 0.00
0.001021 43.23 0.66 0.11 0.01 0.00
0.000577 95.82 1.16 0.25 0.13 0.00
0.002379 26.01 0.25 0.05 0.03 0.01
0.001236 4.56 2.04 0.09 0.01 0.02
0.001596 22.95 1.14 0.10 0.03 0.01
(k=4 (k=4) (k=2)
¢5 0.000523 202.53 16.62 0.37 0.01 1.17
0.000693 132.50 6.61 0.47 0.00 0.13
_0.001337 50.65 443 0.16 0.00 0.57
0.005401 48.43 4.00 0.16 0.00 0.24
0.004655 54.77 7.44 0.33 0.00 0.06
0.013126 5.37 0.52 0.00 0.00 0.01
0.006092 35.75 6.26 0.10 0.00 0.03
0.009676 7.61 0.77 0.00 0.00 0.02
0.009721 40.10 3.38 0.20 0.00 0.02
_0.000249 1702.96 3.22 5.03 0.04 2.82
0.001324 48.85 39.85 1.18 0.01 0.16
_0.001606 197.85 22.04 1.13 0.00 0.14
(k=11) (k=4) (k=2)
& 0.000299 369.83 533.08 4.87 0.11 3.56
0.000191 654.35 419.15 6.22 0.05 3.01
0.005588 142.97 20.16 0.61 0.01 0.23
_0.005480 41.14 3.56 0.04 0.01 0.52
_0.009711 98.39 21.77 0.57 0.00 0.18
_0.007854 53.81 1.80 0.14 0.00 0.19
0.011211 89.94 4.34 0.34 0.00 0.12
0.001543 189.24 21.37 0.37 0.00 0.52
0.026164 63.19 13.47 0.34 0.00 0.02
_0.009517 175.44 4.29 0.60 0.01 0.03
_0.002137 439.70 279.01 3.68 0.05 0.52
_0.012227 124.85 20.19 0.71 0.00 0.13
(k=96) (k=278) (k= 10)
& 0.004602 76.68 204.01 0.67 0.26 0.41
0.005416 79.81 111.19 0.48 0.23 0.13
0.022738 88.14 51.72 0.31 0.08 0.07
_0.000145 1036.01 110.68 0.41 13.02 0.13
_0.041439 92.12 57.80 0.29 0.00 0.00
0.010407 104.31 40.41 0.20 1.14 0.46
0.031899 96.11 29.49 0.25 0.19 0.05
_0.008033 174.35 40.02 0.13 1.06 0.47
0.038599 86.77 81.42 0.49 0.26 0.13
_0.018709 141.07 101.37 0.66 0.40 0.17
_0.015733 138.80 166.10 1.07 0.79 0.35
_0.023164 124.85 120.46 0.81 0.57 0.29

4Defined by 100 L@;j — 4 9y !; where ?¢;j is the estimated solution, and ¢, is the ith element of ¢.

quuation (22) in Ref. 2, implicit method.

CBasic iterative Eq. (20), (Vj,)o = 0, without acceleration and frequency shift.

9dFrequency shift Ag = 0.45(4; + A,).

°The actual number of iterations for the specific eigenvector derivative.
The equivalent numbers of iteration given by doubling the actual iterations in the accelerated algorithms.

Tables 7 and 8 compare the equivalent number of iterations in
the first example for various number of eigenvector derivatives de-
manded (¢ = 2,3,...,7;,j = 1,2,..., q), with and without fre-
quency shift, respectively.

Table 9 shows the equivalent iterations for the second example.
Figure 1 gives the equivalentnumber of iterations vs the eigenvalue
ratios also for the second example (¢ = 1,2,...,30;j = ¢). In
Fig. 1, the largest two eigenvalue ratios are 0.9807 and 0.9932,
i.e., extremely close to 1. Using the basic iterative method, 270
and 774 iterations are required (which is almost identical to the
estimated number of iterations: 272 and 777); using the accelerated

algorithms, the equivalent iterations are drastically reduced to only
16 and 52 (algorithm 1) or 12 and 42 (algorithm 2).

Several observations can be made from Tables 7-9 and Fig. 1:
the estimated number of iterations based on Eq. (49) is consistent
with the actual one for the basic iterative method, and the conver-
gence rates of both iterative methods with or without the acceler-
ation techniques are independent of the system dimension; when
the eigenvalue ratios lj/ Aq+1 are less than 0.70, the basic iterative
method is attractive in term of efficiency; when A;/ 4,4+ > 0.70,
50-90% ofthe computationaleffortis saved by the accelerationtech-
niques, and the larger the eigenvalueratios, the larger the percentage
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Table 7 Equivalent iteration numbers (first example) without frequency shift

q=2 MilJg+1 0.2870 0.5664
K 4 9
kb 2_4.2 8_4_4
q=3 Xlldg+1 0.1955 0.3858 0.6812
k 3 6 14
k 2_4.2 5_4_4 12_4_4
q=4 Xilldgr1 0.1852 03654 0.6451  0.9471
k 3 5 12 97
k 2.2.2 4_4_2 11_4_4 96_14_14
g=5 Milldgr1 0.1609 03175 0.5606  0.8229 0.8689
k 3 5 9 27 38
k 2.2.24_4. 2 7_4_4 23_8_8 33_10_12
g=6 A/A;+1 0.1537 03033 0.5355  0.7862 0.8301 0.9553
k 3 4 8 22 28 116
k 2.2.23_4.2 5_4.2 21_6_6 25_8_8 113_14_18
q=7 Xlldg+1 0.1104 02178 0.3845  0.5644 0.5960 0.6859 0.7180
k

2 3 6 9 10 14 16
k 222322 542 944 9_4_4 10_4_4 15_6_4

4The estimated numbers of iteration calculated by /ch = log(0)/ log(4;/ 4, 4 1) with o= 0.005.
The equivalent numbers of iteration with acceleration techniques; Ag = 0. The first number is produced by the
basic iterative method, the second number by algorithm 1, the third number by algorithm 2.

Table 8 Equivalentiteration numbers (first example) with frequency shift

=2 Xllg+1 —0.1575 0.2960
2 3 4
Kb 122 3_4_4

L1 03286 _0.0144 04734
5 1 7
442 122 6_4_4
_0.6613 _0.2939 02765  0.8921

13 4 4 46
8_ 4.4 4.4 2 4.4_2 45.8_10

qg=3 1]/

13

e e T S
+

+

g=4 Al

1)

g=5 Al —0.5638 _0.2720 0.1810 0.6700 0.7557
9 4 3 13 19
842 3.4 2 2.4 2 11_6_4 16_6_8
q=6 Nj/ +1 —0.6894 _0.3908 0.0728 0.5731 0.6609 0.9108
14 6 2 10 13 57
742 4.4 2 1.2.2 9_4.4 1146 55.8_10
q=1 Nj/ +1 04183 _0.2471 _0.0187 0.3056 0.3559 0.4992  0.5504

6 4 1 4 5 8 9
542 3.2.2 1.2.2 4.4.2 4_4.2 542 8_4.4

&DThe same as Table 7 except Ay = 0.45(A; + A,).

Table9 Equivalent iteration numbers (second example) without frequency shift

q=2 M4 00314 05528
K 2 9
kb 1_2_2 8_4_4
g=3 Mldg41 00218 03845 0.6954
k 2 6 15
k 1_2_2 5_4_4 14_4_4
g=4 Al2dg41 0.0070 0.1238 02240 0.3220
k 1 3 4 5
k 122 2.2.2 3.2.2 4_4_4
g=5 X/lg41 0.0068 0.1190 02153  0.3096 0.9613
k 1 2 3 5 134
k 122 2.2.2 3.2.2 3_4_4 134_10_12
q=6 MAil2dg41 0.0053 0.0938 0.1698 0.2441 0.7580 0.7885
k 1 2 3 4 19 22
k 1-2.2 2.2.2 2.2.2 3_4.4 16_6_6 17_6_6
q=7 Xl241 00031 00540 0.0976 0.1403 0.4358 0.4533  0.5749
k 1 2 3 6 7 10
k 122 122 2.2.2 222 6_4_4 5_4_4 8_4_4

2.bThe same as Table 7.
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computational amounts saved; the two proposed algorithms con-
verge essentially at the same rate; the required number of iterations
inthe acceleratedalgorithms depends mainly on the eigenvalueratio
once therelative error is given, and thus it is possibleto be estimated
a priori.

VII. Concluding Remarks

Assume that the first ¢ eigenvectorderivatives of a structural dy-
namic system are demanded and these ¢ eigenvalues and eigenvec-
tors are available. Only the first several, if any, eigenvector deriva-
tives computed by the truncated modal method meet a mediate accu-
racy requirement. With the cost of calculatingan additionalstiffness
matrix inverse, Wang’s modified modal method greatly improvesthe
accuracy of the solutions, and then more eigenvectorderivativeswill
be acceptable.InRefs. 17 and 18 Wang’s method was extendedto a
basic iterative method. Theoretically,all of the ¢ eigenvectorderiva-
tives can be computed exactly using the basic iterative method. The
cost is the iterative process. It was shown that, using the basic it-
erative method, the jth (j « ¢) eigenvector derivative converges
at the rate of the eigenvalu€Tatio A;/ A, 4 ;. For most of the eigen-
vector derivatives demanded, A,/ ﬂq+ 1(j < q) are expected to be
small, and the iterative method converges rapidly. However, for the
last several eigenvector derivatives, ;/ A, , | may be close to 1 and
the iterative method becomes expensive. The problem may arise
when A;/ 4,11 > 0.70. In this paper, acceleration techniques are
presented for the iterative method. Numerical examples show that
when ),j/ Ag+1 > 0.70, 50-90% of the iterations will be saved,
and the largerthe A;/ A, , 1, the larger the percentage computational
effort saved. Like the basic iterative method, no dependence on
the system dimension is observed for the accelerated method. The
procedure is applicable to systems with zero and repeated eigen-
values.

The proposed procedure is simple, systematic, efficient, and nu-
merically stable.

Appendix: Properties of Eq. (19)

In this Appendix, we show that Eq. (19) defines a unique solution
for V;, that can be solved directly as a linear system. Noting that
A=Y, A7}V, and P¥' M = I, we begin with rewriting Eq. (19)
as

I _XAMV;, = [I_Aj‘lf,,A;“I{gM]Vj,,

ey e
S

I
\P[O ; )LA ]‘I”MV,M_AFd), (A1)

where the matrix / _ A; A~ is diagonaland greater than zero. It is
seen that the coefficient matrix of Eq. (A1) has a known eigenstruc-
ture: its eigenvectors remain the same as ‘P, and its eigenvaluesare

given by
I 0
O I —)‘j A;l

Itisalsoseenthatif M = I, the coefficient matrix is symmetric and
positive definite. Furthermore, premultiplicationof M will always
give a symmetric and positive definite coefficient matrix.

The unique solution defined by Eq. (A1) is the exact solution
given by Eq. (10). From Eq. (A1) it follows that

1
Vju:‘P

W' M AF,
0 [1—2A7"] ] 19

] WAL,

S TN
-],

0 II'A;'Y.F; ¢,
I ).,A—] ][ ] U u ]¢]

= ‘P,,[I_)‘j[\;l]_ A;“P’F ¢] = ¥,[A, _ )'j]_l\P,r,Fj@'

c [F¢]

e (A2)
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