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Accelerated Iterative Procedure for Calculating
Eigenvector Derivatives

Ouqi Zhang¤ and Aspasia Zerva²

Drexel University, Philadelphia, Pennsylvania 19104

An iterative method for the computation of eigenvector derivatives of real-valued, symmetric systems has been

proposed. The process is shown to converge to the exact solution with any initial values, and it is numerically
stable. However, since the convergence rate is determined by the ratios of the eigenvalues, the convergence rate

will be prohibitively slow when the ratio is close to 1. Two ef® cient accelerated algorithms are presented. Numer-
ical examples show that when the eigenvalue ratio is greater than 0.70, the computational effort in the iterative

process is drastically reduced. The procedure incorporates the method of frequency shift to deal with a singular
stiffness matrix that also provides an additional improvement for the convergence. When the eigenvalue ratios

are extremely close to 1, the second generalized stiffness matrix inverse is suggested to reestablish a high con-
vergence rate. The procedure can be used as an exact as well as an approximate method. It requires no more

eigenvectors than those whose derivatives are to be calculated and can be applied to systems with repeated eigen-
values.

Nomenclature
A = W u

ÄK ¡ 1
u W t

u = K ¡ 1 ¡ W a
ÄK ¡ 1

a W t
a

C j = modal participation coef® cient of u 0 j , de® ned by
u 0 j = W C j

C ja = modal participation coef® cient of V ja , de® ned by
V j a = W aC j a

C j u = modal participation coef® cient of V ju , de® ned by
V j u = W uC ju

F j = ¡ [K 0 ¡ k 0 j M ¡ k j M 0 ]
I = unit matrix
K ,M = real, symmetric stiffness and mass matrices
K 0 , M 0 = derivatives of K and M
n = system dimension
q = number of available eigenvaluesand eigenvectors,

or number of eigenvectorderivatives demanded
rk = residual of (V ju )k used as searching direction at kth

iteration
U j = particular solution of Eq. (6)
V ja = component of u 0 j in the range of W a , W aC j a

V j u = component of u 0 j in the range of W u , W uC ju

(V ju )k = kth iterative solution for V ju

Z i = modal participation coef® cients of u 0i in the range
of U j , de® ned by u 0i = Ui + U j Z i ,
i = j, j + 1, . . . , j + m ¡ 1; m > 1;
k j is an m repeated eigenvalue

a k = acceleration parameter used in algorithm 1
( D V j u)k = the error of (V ju )k , (V j u)k ¡ V ju

K = diagonal ( k 1 , k 2, . . . , k n ), eigenvalue matrix;
k 1 · k 2 ·¢ ¢ ¢ · k q < k q + 1 · ¢ ¢ ¢ · k n

K a = diagonal ( k 1 , k 2, . . . , k q )
ÄK a = diagonal ( Äk 1 , Äk 2, . . . , Äk q )
K u = diagonal ( k q + 1, k q + 2 , . . . , k n )
ÄK u = diagonal ( Äk q + 1, Äk q + 2 , . . . , Äk n )
k j = j th eigenvalue
Äk j = j th effective eigenvalue, k j ¡ k 0

k 0 j = derivative of the j th eigenvalue
k 0 = frequency shift
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N k = acceleration parameter used in algorithm 2,
( n k1 n k2)t

r = allowable relative error of the iterative solution
(V j u) 1 de® ned as r = k (V j u) 1 ¡ V ju k / k V j u k ,
or allowable relative difference of the adjacent
iterative solutions de® ned as
r = k (V j u )k + 1 ¡ (V ju )k k / k (V j u )k k

U j = differentiable eigenvector matrix associated with the
j th of m(m > 1) repeated eigenvalues,
[ u j , u j + 1 , u j + 2 , . . . , u j + m ¡ 1]

u j = j th differentiable eigenvector
u 0 j = j th eigenvector derivative,

W C j = V ja + V j u = W aC ja + W uC ju

W = complete eigenvectormatrix, [u 1, u 2 , . . . , u n ]
W a = available eigenvector matrix, [u 1, u 2, . . . , u q ]
W u = unavailable eigenvector matrix,

[ u q + 1 , u q + 2, . . . , u n]
x k = acceleration parameter used in algorithm 1

k ¢ k = vector or matrix norm

I. Introduction

T HE dynamic behaviorof a structuralsystem is characterizedby
its eigendata.The partial derivativesof eigenvaluesand eigen-

vectors of structures with respect to design variables or system pa-
rameters have attracted extensive attention for the last two decades
because of their various applications, such as optimal dynamic de-
sign, parameter identi® cation, model modi® cation, machinery fail-
ure diagnosis, and system control.

The most straightforward approach for calculating the deriva-
tives is the ® nite differencemethod; besides this, there mainly exist
three categories in the literature: the modal method,1±4 the direct
method,1,5 ¡ 12 and the iterative method.12±18 Fox and Kapoor1 de-
rived the direct and modal methods. Nelson5 simpli® ed the calcu-
lation of the direct method. The eigenvector derivatives with re-
peated eigenvalues are derived by Ojalvo,6 Mills-Curran,7, 8 and
Dailey.9 Reference 19 presented reviews for the early work in the
area. Reference 11 compared the operation counts of the modal
method and the modi® ed Rudisile and Chu’s iterative algorithm.
The relative ef® ciencies are surveyed in Ref. 20 for the ® nite differ-
ence method, modal method, Wang’s modi® ed modal method, and
Nelson’s direct method on the basis of central processor seconds.

The calculation of the eigenvector derivatives involves extensive
computationaleffort. The direct method is one of the most ef® cient
methods that produces exact solutions and does not need eigenvec-
tors more than those whose derivatives are to be computed. But
because its amount of computational effort is proportional to the
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number of eigenvector derivatives required, the application of the
method becomes expensive when many eigenvectorderivatives are
demanded. On the other hand, the truncated modal method has an
insuperable ef® ciency but suffers a serious accuracy problem. To
improve the accuracyof the modal method,Wang2 proposeda mod-
i® ed modal method, which was extended by Liu et al.17 and Zhang
and Zerva18 to an iterative algorithm that can be used as an exact
method as well as an approximate method and, just like the direct
method, does not require additional eigenvalues and eigenvectors.
The method assumes that the inverse stiffness matrix exists. Re-
cently, Lin and Lim21 and Zeng4 presented an approach to deal with
singular stiffness matrices. The convergence rate of the iterative
method depends mainly on the ratio of the speci® ed eigenvalue to
the lowest unavailable one, and when the ratio approaches 1, the
convergence rate of the corresponding eigenvector derivative will
reduce quickly and the method becomes more expensive than the
direct method.

In this paper, an effective accelerated iterative procedure is pre-
sented as an extension of the methods in Refs. 2, 17, 18, and 21.
After a brief descriptionof the problemand the basic iterative equa-
tion, the method proposed by Lin and Lim21 and Zeng4 for dealing
with systems with zero eigenvalues is introduced in Sec. III. Two
accelerated algorithms are formulated in Sec. IV. Several relative
problems are discussed in Sec. V, followed by two illustrative ex-
amples in Sec. VI. The paper is closed with a brief summary.

II. Preliminaries
Consider a structural vibration system characterized by the real,

symmetric stiffnessmatrix K 2 Rn £ n and mass matrix M 2 Rn £ n ,
which are functions of the design variables. Assume that both K
and M are positive de® nite (this restriction on the stiffness matrix
will be released in Sec. III). The eigenproblem is de® ned by

[K ¡ k M]x = 0 (1)

where k and x 2 Rn are the eigenvalue and eigenvector, respec-
tively. If the lth eigenvalue k l is distinct, the differentiable eigen-
vector is uniquely de® ned by Eq. (1). When k l is a repeated eigen-
value with m(m > 1) multiplicity, k l = k l + 1 , . . . = k l + m ¡ 1,
but its derivatives are distinct, the unique differentiable eigenvec-
tors are derived by Ojalvo,6 Mills-Curran,7 , 8 and Dailey.9 Denoting
X ´ [xl , xl + 1, . . . , xl + m ¡ 1] 2 Rn £ m the nonunique eigenvector
submatrix associated with k l , and U ´ [ u l , u l + 1, . . . , u l + m ¡ 1] 2
Rn £ m the corresponding unique differentiable eigenvector subma-
trix, there must exist a nonsingular transformation matrix T ´
[tl , tl + 1 , . . . , tl + m ¡ 1] 2 Rm £ m satisfying U = XT . Let X and U be
normalized by

X t M X = I ; U t M U = T t X t M XT = T t T = I (2)

where I stands for identity matrix and the superscript t indicates
matrix transpose. It is seen that T is orthogonal. Differentiating
Eq. (1) with the differentiable eigenvector u j , one obtains

[K ¡ k j M]u 0
j + [K ¡ k j M ]0 u j

= [K ¡ k j M] u 0
j + [K 0 ¡ k 0

j M ¡ k j M 0 ]u j = 0

j = l, l + 1, . . . , l + m ¡ 1 (3)

where the superscript 0 stands for the ® rst-order derivative with re-
spect to the design variable. Substituting u j = Xt j , we have (note
u 0 j 6= Xt 0j )

[K ¡ k j M] u 0
j = ¡ [K 0 ¡ k 0

j M ¡ k j M 0 ]Xt j

j = l, l + 1, . . . , l + m ¡ 1 (4)

Premultiplying it with X t , and noting that X t [K ¡ k j M] = 0 and
X t M X = I , we have

(X t [K 0 ¡ k j M 0 ]X )t j = k 0
j t j j = l, l + 1, . . . , l + m ¡ 1 (5)

It is recognized that this is an m £ m standard eigenproblem. Since
its eigenvalues k 0 j are assumed to be distinct, t j will be unique, and

both can be obtained by solving this problem. Substituting k 0 j and
u j = Xt j obtained from Eq. (5) back into Eq. (3), we have

[K ¡ k j M] u 0
j = ¡ [K 0 ¡ k 0

j M ¡ k j M 0 ] u j ´ F j u j

j = l, l + 1, . . . , l + m ¡ 1 (6)

where F j ´ ¡ [K 0 ¡ k 0 j M ¡ k j M 0 ]. Note that the coef® cient matrix
[K ¡ k j M ] has rank n ¡ m and a kernel spanned by U . Therefore,
the general solution of u 0 j can be expressed by

u 0
j = U j + U Z j j = l, l + 1, . . . , l + m ¡ 1 (7)

where U j 2 Rn is a particular solution of Eq. (6) and Z j 2 Rm

will be determined by U j and the differentiation of Eqs. (2) and
(6) (Refs. 6±8). The expressions for Z j adopted from Ref. 7 are as
follows: for i = j ,

z j j = ¡ u t
j
( 1

2
M 0 u j + MU j

) j = l, l + 1, . . . , l + m ¡ 1 (8)

for i 6= j ,

zi j =
u t

i (K 0 0 ¡ 2 k 0 j M 0 ¡ k j M 0 0 ) u j + 2 u t
i F j U j

2( k 0 j ¡ k 0i )

i, j = l, l + 1, . . . , l + m ¡ 1; i 6= j (9)

where double prime indicates the second-orderderivatives.
In thispaper,we addressthecomputationof theparticularsolution

U j . In the derivationwe assumed that the eigenvaluederivatives are
distinct,but theycanalsobe repeated,becausetheparticularsolution
U j has exactly the same expression and will be solved using the
same method whether the eigenvalue derivatives are distinct or not.
The eigenvalueand eigenvectorderivativeswith repeatedeigenvalue
derivatives are derived in Ref. 22.

Modal Method

Let W 2 Rn £ n be theeigenvectormatrixnormalizedby W t M W =
I , and express u 0 j = W C j with C j 2 Rn to be determined; the
substitution of u 0 j = W C j into Eqs. (7) and (6) leads to

ci j =
u t

i F j u j

k i ¡ k j

j = l, l + 1, . . . , l + m ¡ 1 i 6= j

(10)

where we assume k l = k l + 1, . . . = k l + m ¡ 1 , m ¸ 1; for i = j ,
ci j = zi j that have been given in Eqs. (8) and (9).

Suppose that the ® rst q(q ¿ n) eigenvector derivatives are to
be calculated, and these q eigenvectors and eigenvalues have been
obtained.Let the differentiableeigenvectormatrix W and eigenvalue
matrix K 2 Rn £ n be partitioned into

W = [W a W u ]; W a ´ [ u 1 , u 2, . . . , u q ]
(11)

W u ´ [u q + 1, u q + 2 , . . . , u n ]

K = [ K a 0

0 K u] ; K a ´ diag( k 1 , k 2, . . . , k q )

(12)
K u ´ diag( k q + 1 , k q + 2 , . . . , k n )

where

k 1 · k 2 ·¢ ¢ ¢ · k q < k q + 1 ·¢ ¢ ¢ · k n (13)

Correspondingly, let

u 0
j = W C j = V ja + V j u ; V ja ´ W aC j a

(14)

V j u ´ W uC ju

where

C ja ´ (c1 j , c2 j , . . . , cq j )
t ; C j u ´ (cq + 1, j , cq + 2, j , . . . , cn, j )

t

(15)
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The simple truncated modal method approximates u 0 j by u 0 j ¼
V ja . This is a very rough approximate solution because it neglects
V j u completely, but it is an exact solution for V ja .

Iterative Method
The iterativemethod used in the proposedprocedurewas derived

originally in Ref. 18. Since V ja can be easily and ef® ciently cal-
culated by the modal method, the iterative method considers the
determination of the term V j u only. Let

A ´ W u K ¡ 1
u W t

u (16)

which, because K ¡ 1 = W K ¡ 1 W t = W a K ¡ 1
a W t

a + W u K ¡ 1
u W t

u , is
actually obtained from

A = K ¡ 1 ¡ W a K ¡ 1
a W t

a (17)

Noting W u K ¡ 1
u W t

u [K ¡ k j M ]W aC ja = 0, andpremultiplyingEq. (6)
with A, we obtain

A[K ¡ k j M] u 0
j = W u K ¡ 1

u W t
u[K ¡ k j M ](V ja + V ju )

= W u K ¡ 1
u W t

u [K ¡ k j M]( W aC ja + W uC ju )

= W u K ¡ 1
u W t

u [K ¡ k j M]W uC ju

= W uC j u ¡ k j W u K ¡ 1
u W t

u M W uC j u = V j u ¡ k j AMV ju

= [I ¡ k j AM]V ju = AF j u j (18)

i.e.,

[I ¡ k j AM ]V ju = AF j u j (19)

It will be shown in the Appendix that the coef® cient matrix [I ¡
k j AM] is nonsingular. Therefore, Eq. (19) can be solved directly
as a general linear system, but we will treat it only as an iterative
process:

(V j u)k = AF j u j + k j AM(V ju )k ¡ 1 j ·q; k = 1, 2, . . .

(20)

Equation (20) will be referred to hereafter as the basic iterative
equation. It can be shown that after k(k ¸ 1) iterations,

(V ju )k =
n

Si = q + 1

[ 1 ¡ ( k j

k i
)

k

] u t
i F j u j

k i ¡ k j

u i

+
n

Si = q + 1
( k j

k i
)

k

u t
j M(V ju )0 u i j ·q (21)

where (V ju )0 stands for the initial value. The comparison of Eq.
(21) with the exact solution, Eq. (10), shows that the term ( k j / k i )

k

represents the error because of the i th unknown eigenvector.When
k tends to in® nity, ( k j / k i )

k vanishes because k j / k i < 1, and (V ju )k

converges to the exact solution with any initial value. Equation (21)
also suggests that (V ju )0 can be set equal to zero. Note that in each
iteration, the roundoff error in the subspace spanned by the lower
eigenvectors W a will be automaticallywiped out, which results in a
very stable iterative process.

III. Generalized Stiffness Inverse
and Systems with Zero Eigenvalues

In the previous sections, we assumed that the stiffness matrix is
nonsingular. In this section, we describe a variation of the iterative
method to deal with singular stiffness matrices.

The eigenvector derivatives with zero eigenvalues were derived
by AkgÈun.3 From Akg Èun’s derivationwe concludedthat the solution
of V ju can still be expressed by Eq. (10). Hence, we only need to
modify Eq. (19) so that it de® nes the desiredsolutionusing the given
singular stiffness matrix.

Following the method proposed by Lin and Lim21 and Zeng,4 we
construct

ÄA ´ W u
ÄK ¡ 1

u W t
u = ÄK ¡ 1 ¡ W a

ÄK ¡ 1
a W t

a (22)

where

ÄK ¡ 1 = [K ¡ k 0 M ]¡ 1; ÄK a = K a ¡ k 0

(23)
ÄK u = K u ¡ k 0; k 0 6= k j , j = 1, . . . , n

where k 0 is the frequency shift. We call ÄK ¡ 1 with k 0 > 0 the
generalizedstiffness inverse that existswhether the originalstiffness
matrix is singular or not. Note that it preserves the sparsity, if any,
of the original system. Premultiplication of Eq. (6) with ÄA gives

ÄA[K ¡ k j M]V j = ÄA[(K ¡ k 0 M) ¡ ( k j ¡ k 0)M]V j

= V ju ¡ Äk j
ÄAMV ju = ÄAF j u j (24)

or

[I ¡ Äk j
ÄAM]V ju = ÄAF j u j (25)

The differences between Eqs. (19) and (25) are that A is replaced
by ÄA and k j replaced by Äk j . Note that Eq. (25) de® nes the exact
solution for V ju .

With this modi® cation, the effective eigenvalue ratios are
changed. Let (V j u)0 = 0, j Äk j / Äk i j < 1, j · q < i < n, after
k (k ¸ 1) iterations, Eq. (21) becomes

(V ju )k =
n

Si = q + 1

[1 ¡ ( Äk j / Äk i )
k]

u t
i F j u j

Äk i ¡ Äk j

u i

=
n

Si = q + 1

[1 ¡ ( Äk j / Äk i )
k]

u t
i F j u j

k i ¡ k j

u i j ·q (26)

If only the effective eigenvalue ratios j Äk j / Äk i j < 1, j ·q < i ·n,
the basic iterative Eq. (20) will converge to the speci® c eigenvec-
tor derivative. The restriction for the frequency shift to satisfy this
inequality is k 0 < 0.5( k 1 + k q + 1).

Equation (20) shows that the error is ultimately controlled by
k q / k q + 1. The effective eigenvalue ratio Äk q / Äk q + 1 in Eq. (26) is
reduced by increasing k 0; however, increasing k 0 will increase
Äk 1/ Äk q + 1 . It can be seen that when k 0 = 0.5( k 1 + k q + 1), the ef-
fective eigenvalue ratio Äk q / Äk q + 1 is decreased to the limit, because

j Äk 1/ Äk q+1 j will be equal to 1.
Considering the ef® ciency of the iterative method and assuming

k q + 1 is given, the writers suggest to set k 0 > k 1 satisfying j Äk j / Äk i j <
0.95, j ·q < i ·n, which yields

max [ k 1, ( k q ¡ 0.95 k q + 1)

0.05 ] < k 0 <
( k 1 + 0.95k q + 1)

1.95
(27)

If this condition cannot be satis® ed, a second generalized stiffness
inversemay benecessary.In this case, the availableeigenvectorscan
be divided into two sets, and two generalized stiffness inverses are
formulated for calculating the correspondingset of the eigenvector
derivatives.If the original stiffness matrix is singular, k 1 in Eq. (27)
is taken as the ® rst nonzero eigenvalue.

Frequencyshifthas beenused to acceleratethe convergenceof the
computationof eigenvectorderivatives.4, 15 When k 0 is properly se-
lected, and the available eigenvalues are clustered, this generalized
stiffness inverse has a substantial effect on the rate of convergence.
Note that Eq. (27) de® nes only the effective range for k 0. The de-
termination of a proper k 0 will be given in Sec. V.

For simplicityin notation,we use K ¡ 1 for ÄK ¡ 1 and k j for Äk j in the
remainder of this paper. In practice, however, only the generalized
stiffness inverse with k 0 > k 1 , k 0 6= k i , i = 1, 2, . . . , n, should be
used.

IV. Acceleration Techniques for Iterative Process
The degree of ef® ciency of the proposed procedure depends

mainly on the convergence rate of the iterative process. Equation
(21) shows that if the eigenvalue ratio k j / k q + 1 is small, the ba-
sic iterative method converges rapidly. However, when k j / k q + 1 is
close to 1, the convergence rate will be prohibitively slow. In this
section we present two simple but effective acceleration techniques
to increase the rate of convergence.
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Construct the following scalar function with the vector variable
y 2 Rn :

S(y) = 1
2
yt M[I ¡ k j AM]y ¡ yt AF j u j (28)

Note that the matrix M[I ¡ k j AM ] is symmetric positive de® nite
(see the Appendix for details). It is known23 that the minimum value
of S(y) is achievedby setting y = [I ¡ k j AM] ¡ 1 AF j u j = V ju . That
is, the desired solution of V ju can be obtained by minimizing S(y).
Provided that a good searching direction rk has been determined at
the kth iteration, then

(V j u )k := (V j u )k + x krk (29)

will produce a better estimation of the solution,where x k is a scalar
parameter chosen so as to minimize S[(V j u)k + x krk ]. Substitution
of Eq. (29) into Eq. (28) and minimization of Eq. (28) yield

x k =
(r t

k Mrk
)

[r t
k M( I ¡ k j AM)rk]

(30)

The residual of (V ju )k is a good searching direction rk . Let
(V ju )k = V j u + ( D V ju )k ; from Eq. (21), we obtain the error of (V ju )k

( D V ju )k =
n

Si = q + 1

[ ¡ ( k j

k i )
k

] u t
i F j u j

k i ¡ k j

u i

= ¡ W u[k j K ¡ 1
u ]

k
[ K u ¡ k j ] ¡ 1 W t

u F j u j (31)

from which and from Eq. (16) we have

k j AM ( D V ju )k = ( D V j u)k + 1 (32)

and, noting [I ¡ k j AM ]V j u = AF j u j , we obtain the residual of
(V ju )k as

AF j u j ¡ [I ¡ k j AM](V ju )k

= AF j u j ¡ [I ¡ k j AM] f V ju + ( D V ju )k g
= ¡ [I ¡ k j AM]( D V ju )k = ( D V j u)k + 1 ¡ ( D V ju )k

= ¡ W u[k j K ¡ 1
u ¡ I ][k j K ¡ 1

u ]
k
[ K u ¡ k j ]¡ 1 W t

u F j u j (33)

From the comparison of Eqs. (31) and (33), it is seen that Eq. (33)
gives an approximation for ( D V j u)k . In the special case of M =
I , the procedure just above described is, basically, the method of
steepest descent.

Also from Eq. (31), we observe that theremay exist a strong trend
of monotonic convergence,and a multiplier will provide additional
improvement:

(V j u )k := a k (V j u )k (34)

where the scalar multiplier a k is, again, obtained from the mini-
mization of Eq. (28):

a k :=
(r t

k M AF j u j
)

[r t
k M( I ¡ k j AM )rk]

(35)

In summary, we have the following accelerated iterative proce-
dure:

(V ju )0 = 0

For k = 1, 2, . . . ,

(V ju )k = AF j u j + k j AM(V ju )k ¡ 1

rk = AF j u j ¡ ( I ¡ k j AM)(V ju )k

x k = (r t
k Mrk)/ [r t

k M( I ¡ k j AM )rk ]
a k = (r t

k M AF j u j )/ [r t
k M( I ¡ k j AM)rk ]

(V ju )k := a k [(V j u )k + x krk ]

This leads to the following algorithm.
Algorithm 1:

b := AF j u j ; a := 0

For k = 1, 2, . . . ,

p1 := (1 ¡ a )b + a [p2 + x ( p3 ¡ p2)]
p2 := b + k j AMp1

r := p2 ¡ p1; if k r k k p2 k < r , stop and let V ju = p2;
otherwise

p3 := b + k j AMp2

x := (r t Mr)/ [r t M (r ¡ p3 + p2)]
a := (r t Mb)/ [r t M(r ¡ p3 + p2)]
k := k + 1

where r is a given small number, r > 0.
It is noted that, in each iteration, the major computational work

amounts in computing k j AMp1 and k j AMp2; the term Mr will
be available during the computation of these two products. That
is, in each iteration, the preceding algorithm needs twice as much
computation as the basic iterative method.

Equation (29), rewritten as

(V ju )k := (V j u )k + x krk

= x k [AF j u j + k j AM (V ju )k] + (1 ¡ x k )(V ju )k (36)

implies that x k + (1 ¡ x k) = 1, a seemingly necessary require-
ment since when (V ju )k = V j u , AF j u j + k j AM(V j u)k = V ju .
However, during the iteration, (V ju )k 6= V ju , and thus it is slightly
overrestricted.We release this restriction in algorithm 1 by the mul-
tiplier a k . A more sound alternativewould be the introducionof two
variable parameters

(V ju )k := n k1(V ju )k + n k2rk = [(V ju )k , rk ] N k (37)

where N k ´ ( n k1 n k2)
t 2 R2 is also determined from the minimiza-

tion of Eq. (28),

N = {[(V ju )k , rk ]T M( I ¡ k j AM )[(V ju )k , rk ]}¡ 1

£ [(V j u)k , rk ]T M[(V ju )k , rk ] (38)

This leads to the following algorithm.
Algorithm 2:

b := AF j u j ; N = ( n 1 n 2)
t := (0 0)t

For k = 1, 2, . . . ,

p1 := b + n 1( p2 ¡ b) + n 2( p3 ¡ b)
p2 := b + k j AMp1

q := [p1, p2]; if k p2 ¡ p1 k k p2 k < r , stop and let V ju = p2;
otherwise

p3 := b + k j AMp2

b := [( p1 ¡ p2 + b), ( p2 ¡ p3 + b)]
N := [ q t M b ] ¡ 1 q t Mb
k := k + 1

In each iteration algorithm 2 also requires twice the computational
effort compared with the basic iterative method. The counterpartof
the multiplier a k = (r t

k M AF j u j )/ [r t
k M( I ¡ k j AM )rk ] in algorithm

1 is no longer necessary. In algorithm 2, the residual, [AF j u j ¡
( I ¡ k j AM)(V ju )k ], is replaced by AF j u j + k j AM (V ju )k ; it can
be shown this makes no difference.

V. Discussion
The most reliable convergence criterion is that the relative error

between the exact and the iterative solutions is less than a given
small number,

k (V ju )k ¡ V ju k
k V ju k

< r (39)

Because the exact solution is not known, an alternativecriterion has
to be adopted such as the relative differenceof the adjacent iterative
results:

k (V j u)k + 1 ¡ (V ju )k k
k (V j u )k k

< r (40)
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This is also suggested in the accelerated iterative algorithms. Gen-
erally, a small relative differencedoes not necessarilymean a small
difference to the exact solution. However, for the proposed method
the norm of (V ju )k + 1 ¡ (V j u)k can be directly related to the norm
of (V ju )k ¡ V j u . Denoting (V j u)k + 1 = AF j u j + k j AM (V j u )k ,
as de® ned in the basic iterative equation, and noting (V j u)k =
V j u + ( D V ju )k , from the accelerated algorithms we have

rk = (V ju )k + 1 ¡ (V j u)k = ( D V ju )k + 1 ¡ ( D V j u )k

= ¡ [I ¡ k j AM]( D V ju )k = ¡ [I ¡ k j AM ]f (V ju )k ¡ V j u g
(41)

Hence,

(V j u)k ¡ V ju = ¡ [I ¡ k j AM]¡ 1 f (V ju )k + 1 ¡ (V ju )k g (42)

and

k (V ju )k ¡ V j u k · k [I ¡ k j AM ]¡ 1 k k (V j u)k + 1 ¡ (V ju )k k (43)

which shows that Eq. (40) is a reliable convergencecriterion.Using
two-norm, when M = I , k [I ¡ k j AM] ¡ 1 j j = 1/ (1 ¡ k j / k q + 1).

We showsomedetailsabouthow theacceleratedalgorithmswork.
Let (V ju )k be the left-hand side of the ® rst equation in algorithm 1
at kth iteration, and still denote (V ju )k + 1 = AF j u j + k j AM (V j u )k .
Let a k ´ 1; algorithm 1 gives the residual at (k + 1)th iteration as

rk+1 = AF j u j ¡ [I ¡ k j AM] f AF j u j + k j AM [(V ju )k + x krk ]g
= k j AM AF j u j ¡ [I ¡ k j AM] k j AM (V ju )k

¡ x k [I ¡ k j AM] k j AMrk

= k j AM AF j u j ¡ k j AM(V ju )k + k j AM

£ f (V ju )k + 1 ¡ AF j u j g ¡ x k [I ¡ k j AM ]k j AMrk

= k j AM f (V j u )k + 1 ¡ (V ju )k g ¡ x k[I ¡ k j AM ]k j AMrk

= [(1 ¡ x k )I + x k k j AM] k j AMrk

= W u[(1 ¡ x k) I + x k k j K ¡ 1
u ][k j K ¡ 1

u ]W t
u Mrk (44)

Taking advantage of Eq. (41), we can write Eq. (44) as

( ÅV ju )k + 1 ¡ V j u = W u[(1 ¡ x k ) I + x k k j K ¡ 1
u ]

£ [k j K ¡ 1
u ]W t

u M f (V ju )k ¡ V ju g (45)

in which ( ÅV j u)k + 1 is the left-hand side of the ® rst equation in al-
gorithm 1 at (k + 1)th iteration. Furthermore, if we let x k ´ 1,
algorithm 1 will regress to the basic iterative method and the right-
hand side of Eq. (45) becomes

( ÅV j u )k + 1 ¡ V ju = W u[k j K ¡ 1
u ][k j K ¡ 1

u ]W
t
u M f (V ju )k ¡ V ju g (46)

The comparison of Eqs. (45) and (46) shows 1) when 1 < x k <
1/ (1 ¡ k j / k q + 1), the maximum value in the diagonal matrix [(1 ¡
x k) I + x k k j K ¡ 1

u ] reduces from k j / k q + 1 to (1 ¡ x k ) + x k k j / k q + 1,
but the absoluteminimum element increasesfrom k j / k n to j (1 ¡ x k )

+ x k k j / k n j ¼ x k ¡ 1, and 2) these increased elements are elimi-
nated effectively by the multiplication with [k j K ¡ 1

u ]. This is the
reason for the presenceof (V ju )k = AF j u j + k j AM(V ju )k ¡ 1 in the
proposed algorithms.

It can be seen in Eq. (45) that the accelerationparameter x k works
in a way somewhat similar to the frequency shift in Eq. (25), and
for an arbitrarily given x k within 1 < x k < 2, rk will tend to
zero and the process converges.The use of the proposedaccelerated
algorithms can yield very large values for x k . From this point of
view, a system with a larger dimension may converge a little faster
because it is more likely for the acceleration parameter x k to be
large.

The number of iterations required to satisfy a given convergence
criterioncan be well estimated for the basic iterative Eq. (20). From
Eqs. (31), (21), and (14), one obtains

(V ju )k ¡ V ju = ( D V ju )k = ¡ W u[k j K ¡ 1
u ]

k
[K u ¡ k j ]¡ 1 W t

u F j u j

= ¡ W u[k j K ¡ 1
u ]

k
W t

u M W u [ K u ¡ k j ]¡ 1 W t
u F j u j

= ¡ W u[k j K ¡ 1
u ]

k
W t

u MV ju = ¡ W u[k j K ¡ 1
u ]

k
W t

u M W uC ju

= ¡ W u[k j K ¡ 1
u ]

k
C j u k ¸ 1 (47)

It follows that

( k j

k q + 1
)

k

¼ k (V ju )k ¡ V ju k
k V ju k

k ¸ 1 (48)

and

k ¼
log[k (V j u )k ¡ V ju k / k V ju k ]

log( k j / k q + 1)
k ¸ 1 (49)

In the examples that follow, we will see that this estimated number
of iterations is quite accurate and a little conservative. Note that
Eq. (49) applies to the basic iterative method; when the accelerated
algorithms are used, it converges much faster. Also note that the
iteration number thus evaluated is determined by the relative error
to the exact solution.

From Eq. (48) it is seen that the major error of the solution is
eliminated by the ® rst several iterations.

Using Eq. (49) to estimate the requirediterationsfor Äk 1/ Äk q + 1 and
Äk q / Äk q + 1, and assuming Eq. (27) is satis® ed, one can determine a
compromisedfrequencyshift k 0 with the followingone-dimensional
searching scheme:

d k 0 :=
0.5( k 1 + k q + 1)

m

For k = 1, 2, . . . , m ¡ 1,

k 0 := k d k 0

Äk i := j k i ¡ k 0 j i = 1, q, q + 1

nk :=
log r

[1/ log( Äk 1/ Äk q + 1) + 1/ log( Äk q / Äk q + 1)]

k 0 = min(nk) d k 0 6= k i i = 1, 2, . . . , q

where r represents the convergence criterion de® ned in Eq. (39),
and m can be set to 10.

For the ® rst eigenvectorderivative, the main computationaleffort
amounts to calculating the generalizedstiffness matrix inverse; this
computation can be thought of as equivalent to the direct method.
Fromthispointof view, thedifferencebetweenthedirectmethodand
the iterative method is that the former solves a differentgeneralized
stiffness matrix inverse for each derivative,whereas the latter takes
the advantage of the ® rst generalized stiffness inverse to compute
the rest of the eigenvectorderivativesand thus avoids the formation
of a new generalized stiffness inverse each time.4

It is not necessary to explicitly calculate the inverse of the
stiffness matrix for the iterative procedure, only, say, a Cholesky
decomposition23 of the stiffness matrix is suf® cient. It is also not
necessary to calculate k q + 1; k 0 can be simply and, in most of the
cases, conservativelyset to

k 0 = 0.45( k 1 + k q ) (50)

The iterative method is an extension of Wang’s modi® ed modal
method. In fact, the ® rst iterativeoutput (V ju )1 = AF j u j in Eq. (20)
is Wang’s solution using the explicit method.2

For systems with a relatively large dimension n, and relatively
large number of eigenvector derivatives to be calculated, the pro-
posed procedure will be more ef® cient, because more eigenvector
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derivatives are expected to be calculated with small eigenvalue ra-
tios. Note that the convergence speed is independent of the system
dimension; this follows from Eq. (49) for the basic iterativemethod.
For the same reason, for relativelysmall systems, the proposedpro-
cedure will be less ef® cient, because the number of iterations will
remain more or less the same.

The iterative process will become less ef® cient with increasing
the numberof multipledesignvariablesbecausethe iterativemethod
repeats the same process for every multiple design variable. On the
other hand, the direct method needs only little more computational
work for multipledesign variables than for a singlevariablebecause
the coef® cient matrix requires Cholesky decomposition just one
time.

VI. Illustrative Examples
In this section, two examples are presented to illustrate the per-

formance of the proposed procedure.The ® rst example is a 12 £ 12
structuraldynamic model with stiffnessand mass matrices shown in
Tables 1 and 2. The ® rst-order derivativesof the diagonal mass ma-
trix are shown in Table 3, and the derivativeof the stiffnessmatrix is
consideredto be zero.The system eigenvaluesare shown in Table 4.
The second example has a dimension of 40 £ 40. Its stiffness and
mass matrices K and M are symmetric and positive de® nite; the
derivatives K 0 and M 0 are symmetric; all are full matrices generated
by a random function. The ® rst 12 eigenvaluesof the second exam-
ple are given in Table 5. In the computation,the exact solutionof V j u

is obtained by solving Eq. (19) directly; V ja is obtained by means

Table 1 Elements of K ( £ 104) (® rst example)

260 ¡ 60 ¡ 40 0 0 0 0 0 0 0 0 0

¡ 60 320 ¡ 40 ¡ 40 0 0 0 0 0 0 0 0

¡ 40 ¡ 40 220 ¡ 60 ¡ 40 0 0 0 0 0 0 0
0 ¡ 40 ¡ 60 120 ¡ 40 ¡ 20 0 0 0 0 0 0
0 0 ¡ 40 ¡ 40 180 ¡ 40 ¡ 20 0 0 0 0 0
0 0 0 ¡ 20 ¡ 40 180 ¡ 60 ¡ 60 0 0 0 0
0 0 0 0 ¡ 20 ¡ 60 240 ¡ 40 ¡ 50 0 0 0
0 0 0 0 0 ¡ 60 ¡ 40 200 ¡ 20 ¡ 50 0 0
0 0 0 0 0 0 ¡ 50 ¡ 20 220 ¡ 50 ¡ 30 0
0 0 0 0 0 0 0 ¡ 50 ¡ 50 240 ¡ 60 ¡ 50
0 0 0 0 0 0 0 0 ¡ 30 ¡ 60 240 ¡ 60
0 0 0 0 0 0 0 0 0 ¡ 50 ¡ 60 180

Table 2 Elements of Ma (® rst example)

10 12 22 12 18 18 14 20 22 14 14 8

a M is a diagonal matrix; only the diagonal nonzero elements are given in the table.

Fig. 1 Comparison of the equivalent number of iterations (the last two points for the estimated number and the basic iterative method are not shown
on the plot; see text for details).

of the simple truncated modal method. The convergencecriterion is
Eq. (39) with r = 0.005. Note this is the relative error to the exact
solution.

Table 6 gives the exact solutions for the ® rst four eigenvector
derivatives (q = 4) of the ® rst example and the correspondingele-
ment percentageerrors to the exact solution by the truncated modal
method, Wang’s modi® ed modal method (implicit method), and the
iterative procedure with and without the acceleration techniques.
For the truncated modal method, (q + 2) = 6 eigenvectors are uti-
lized. For Wang’s and the iterative methods, q = 4 eigenvectors,
the same as the eigenvector derivatives demanded, are used in the
calculations.It shouldbe emphasizedthatWang’s method is not sup-
posed to be used when only q eigenvectors are given. The solution
of Wang’s implicit method using q eigenvectorscomputedherein is
used to provide a comparison and help show the performanceof the
proposed procedure.

From Table 6 it is seen that the truncated modal method yields a
very roughapproximatesolutioneventhoughtwo more eigenvectors
are used. Wang’s implicit method providesmuch better results. The
powerfuleffect of the accelerationtechniquesis clearlyshown.Note
the last eigenvalueratio is quite large, k q / k q + 1 = 0.9471.To satisfy
the given accuracy criterion, 97 iterations are estimated based on
Eq. (49): (0.9471)97 < 0.005. The actual number of iterations is
96 using Eq. (20) without acceleration techniques (this is actually
the iterative method proposed in Refs. 17 and 18). However, when
the acceleration techniques are invoked, only 8 (algorithm 1) or 10
(algorithm 2) equivalent iterations (given by doubling the actual
iterations in the acceleratedalgorithms) lead to convergence.In this
case, (96 ¡ 10)/ 96 ¼ 90% of the computational amounts is saved.

Table 3 Elements of M 0 a (® rst example)

2 1 0 1 0 1 4 2 0 4 1 2

a M 0 is diagonal.

Table 4 System eigenvalues (® rst example)

0.2159e+5 0.4260e+5 0.7521e+5 0.1104e+6 0.1166e+6 0.1342e+6
0.1404e+6 0.1956e+6 0.2199e+6 0.2213e+6 0.2671e+6 0.3210e+6

Table 5 First 12 system eigenvalues (second example)

0.70 12.35 22.34 32.12 99.75 103.76
131.60 228.90 262.09 291.14 391.50 461.30
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Table 6 Errora comparison of eigenvector derivatives (® rst example)

Modal Wang’s Iterative Iterative Iterative

Exact method methodb basic eq.c alg. 1d alg. 2d

solution (six modes) (four modes) (four modes) (four modes) (four modes)

(k = 2)e (k = 4)f (k = 4)f

u 01 ¡ 0.001280 19.06 1.53 0.03 0.02 0.02

¡ 0.002032 10.43 0.11 0.02 0.00 0.00

¡ 0.006173 10.33 0.42 0.04 0.01 0.00

¡ 0.007213 14.17 0.61 0.05 0.02 0.00

¡ 0.006048 6.60 0.21 0.02 0.01 0.00

¡ 0.002117 11.56 0.79 0.02 0.02 0.00
0.001189 128.65 1.88 0.13 0.06 0.00
0.001021 43.23 0.66 0.11 0.01 0.00
0.000577 95.82 1.16 0.25 0.13 0.00
0.002379 26.01 0.25 0.05 0.03 0.01
0.001236 4.56 2.04 0.09 0.01 0.02
0.001596 22.95 1.14 0.10 0.03 0.01

(k = 4) (k = 4) (k = 2)
u 02 0.000523 202.53 16.62 0.37 0.01 1.17

0.000693 132.50 6.61 0.47 0.00 0.13

¡ 0.001337 50.65 4.43 0.16 0.00 0.57
0.005401 48.43 4.00 0.16 0.00 0.24
0.004655 54.77 7.44 0.33 0.00 0.06
0.013126 5.37 0.52 0.00 0.00 0.01
0.006092 35.75 6.26 0.10 0.00 0.03
0.009676 7.61 0.77 0.00 0.00 0.02
0.009721 40.10 3.38 0.20 0.00 0.02

¡ 0.000249 1702.96 3.22 5.03 0.04 2.82
0.001324 48.85 39.85 1.18 0.01 0.16

¡ 0.001606 197.85 22.04 1.13 0.00 0.14

(k = 11) (k = 4) (k = 2)
u 03 0.000299 369.83 533.08 4.87 0.11 3.56

0.000191 654.35 419.15 6.22 0.05 3.01
0.005588 142.97 20.16 0.61 0.01 0.23

¡ 0.005480 41.14 3.56 0.04 0.01 0.52

¡ 0.009711 98.39 21.77 0.57 0.00 0.18

¡ 0.007854 53.81 1.80 0.14 0.00 0.19
0.011211 89.94 4.34 0.34 0.00 0.12
0.001543 189.24 21.37 0.37 0.00 0.52
0.026164 63.19 13.47 0.34 0.00 0.02

¡ 0.009517 175.44 4.29 0.60 0.01 0.03

¡ 0.002137 439.70 279.01 3.68 0.05 0.52

¡ 0.012227 124.85 20.19 0.71 0.00 0.13

(k = 96) (k = 8) (k = 10)
u 04 0.004602 76.68 204.01 0.67 0.26 0.41

0.005416 79.81 111.19 0.48 0.23 0.13
0.022738 88.14 51.72 0.31 0.08 0.07

¡ 0.000145 1036.01 110.68 0.41 13.02 0.13

¡ 0.041439 92.12 57.80 0.29 0.00 0.00
0.010407 104.31 40.41 0.20 1.14 0.46
0.031899 96.11 29.49 0.25 0.19 0.05

¡ 0.008033 174.35 40.02 0.13 1.06 0.47
0.038599 86.77 81.42 0.49 0.26 0.13

¡ 0.018709 141.07 101.37 0.66 0.40 0.17

¡ 0.015733 138.80 166.10 1.07 0.79 0.35

¡ 0.023164 124.85 120.46 0.81 0.57 0.29

aDe® ned by 100 £ j ( Ãu 0i j ¡ u 0i j )/ u 0i j j , where Ãu 0i j is the estimated solution, and u 0i j is the i th element of u 0 j .
bEquation (22) in Ref. 2, implicit method.
cBasic iterative Eq. (20), (V ju )0 = 0, without acceleration and frequency shift.
dFrequency shift k 0 = 0.45( k 1 + k q ).
eThe actual number of iterations for the speci® c eigenvector derivative.
fThe equivalent numbers of iteration given by doubling the actual iterations in the accelerated algorithms.

Tables 7 and 8 compare the equivalent number of iterations in
the ® rst example for various number of eigenvector derivatives de-
manded (q = 2, 3, . . . , 7; j = 1, 2, . . . , q), with and without fre-
quency shift, respectively.

Table 9 shows the equivalent iterations for the second example.
Figure 1 gives the equivalent number of iterationsvs the eigenvalue
ratios also for the second example (q = 1, 2, . . . , 30; j = q). In
Fig. 1, the largest two eigenvalue ratios are 0.9807 and 0.9932,
i.e., extremely close to 1. Using the basic iterative method, 270
and 774 iterations are required (which is almost identical to the
estimated number of iterations:272 and 777); using the accelerated

algorithms, the equivalent iterations are drastically reduced to only
16 and 52 (algorithm 1) or 12 and 42 (algorithm 2).

Several observations can be made from Tables 7±9 and Fig. 1:
the estimated number of iterations based on Eq. (49) is consistent
with the actual one for the basic iterative method, and the conver-
gence rates of both iterative methods with or without the acceler-
ation techniques are independent of the system dimension; when
the eigenvalue ratios k j / k q + 1 are less than 0.70, the basic iterative
method is attractive in term of ef® ciency; when k j / k q + 1 > 0.70,
50±90%of thecomputationaleffortis savedby theaccelerationtech-
niques,and the larger the eigenvalueratios, the larger the percentage
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Table 7 Equivalent iteration numbers (® rst example) without frequency shift

q = 2 k j / k q + 1 0.2870 0.5664
Ãka 4 9

kb 2 ¡ 4¡ 2 8 ¡ 4¡ 4

q = 3 k j / k q + 1 0.1955 0.3858 0.6812
Ãk 3 6 14
k 2 ¡ 4¡ 2 5 ¡ 4¡ 4 12 ¡ 4 ¡ 4

q = 4 k j / k q + 1 0.1852 0.3654 0.6451 0.9471
Ãk 3 5 12 97
k 2 ¡ 2¡ 2 4 ¡ 4¡ 2 11 ¡ 4 ¡ 4 96¡ 14¡ 14

q = 5 k j / k q + 1 0.1609 0.3175 0.5606 0.8229 0.8689
Ãk 3 5 9 27 38
k 2 ¡ 2¡ 2 4 ¡ 4¡ 2 7¡ 4 ¡ 4 23¡ 8¡ 8 33¡ 10¡ 12

q = 6 k j / k q + 1 0.1537 0.3033 0.5355 0.7862 0.8301 0.9553
Ãk 3 4 8 22 28 116
k 2 ¡ 2¡ 2 3 ¡ 4¡ 2 5¡ 4 ¡ 2 21¡ 6¡ 6 25¡ 8¡ 8 113¡ 14¡ 18

q = 7 k j / k q + 1 0.1104 0.2178 0.3845 0.5644 0.5960 0.6859 0.7180
Ãk 2 3 6 9 10 14 16
k 2 ¡ 2¡ 2 3 ¡ 2¡ 2 5¡ 4 ¡ 2 9 ¡ 4¡ 4 9 ¡ 4¡ 4 10¡ 4 ¡ 4 15¡ 6¡ 4

aThe estimated numbers of iteration calculated by Ãk j = log( r )/ log( k j / k q + 1 ) with r = 0.005.
bThe equivalent numbers of iteration with acceleration techniques; k 0 = 0. The ® rst number is produced by the
basic iterative method, the second number by algorithm 1, the third number by algorithm 2.

Table 8 Equivalent iteration numbers (® rst example) with frequency shift

q = 2 Äk j / Äk q + 1 ¡ 0.1575 0.2960
Ãka 3 4

kb 1 ¡ 2 ¡ 2 3 ¡ 4 ¡ 4

q = 3 Äk j / Äk q + 1 ¡ 0.3286 ¡ 0.0144 0.4734
Ãk 5 1 7
k 4 ¡ 4 ¡ 2 1 ¡ 2 ¡ 2 6 ¡ 4 ¡ 4

q = 4 Äk j / Äk q + 1 ¡ 0.6613 ¡ 0.2939 0.2765 0.8921
Ãk 13 4 4 46
k 8 ¡ 4 ¡ 4 4 ¡ 4 ¡ 2 4 ¡ 4 ¡ 2 45¡ 8¡ 10

q = 5 Äk j / Äk q + 1 ¡ 0.5638 ¡ 0.2720 0.1810 0.6700 0.7557
Ãk 9 4 3 13 19
k 8 ¡ 4 ¡ 2 3 ¡ 4 ¡ 2 2 ¡ 4 ¡ 2 11¡ 6 ¡ 4 16¡ 6¡ 8

q = 6 Äk j / Äk q + 1 ¡ 0.6894 ¡ 0.3908 0.0728 0.5731 0.6609 0.9108
Ãk 14 6 2 10 13 57
k 7 ¡ 4 ¡ 2 4 ¡ 4 ¡ 2 1 ¡ 2 ¡ 2 9 ¡ 4¡ 4 11¡ 4¡ 6 55¡ 8 ¡ 10

q = 7 Äk j / Äk q + 1 ¡ 0.4183 ¡ 0.2471 ¡ 0.0187 0.3056 0.3559 0.4992 0.5504
Ãk 6 4 1 4 5 8 9
k 5 ¡ 4 ¡ 2 3 ¡ 2 ¡ 2 1 ¡ 2 ¡ 2 4 ¡ 4¡ 2 4 ¡ 4¡ 2 5¡ 4 ¡ 2 8 ¡ 4¡ 4

a,bThe same as Table 7 except k 0 = 0.45( k 1 + k q ).

Table 9 Equivalent iteration numbers (second example) without frequency shift

q = 2 k j / k q + 1 0.0314 0.5528
Ãka 2 9

kb 1¡ 2 ¡ 2 8 ¡ 4¡ 4

q = 3 k j / k q + 1 0.0218 0.3845 0.6954
Ãk 2 6 15
k 1¡ 2 ¡ 2 5 ¡ 4¡ 4 14¡ 4 ¡ 4

q = 4 k j / k q + 1 0.0070 0.1238 0.2240 0.3220
Ãk 1 3 4 5
k 1¡ 2 ¡ 2 2 ¡ 2¡ 2 3 ¡ 2¡ 2 4 ¡ 4¡ 4

q = 5 k j / k q+1 0.0068 0.1190 0.2153 0.3096 0.9613
Ãk 1 2 3 5 134
k 1¡ 2 ¡ 2 2 ¡ 2¡ 2 3 ¡ 2¡ 2 3 ¡ 4¡ 4 134¡ 10¡ 12

q = 6 k j / k q + 1 0.0053 0.0938 0.1698 0.2441 0.7580 0.7885
Ãk 1 2 3 4 19 22
k 1¡ 2 ¡ 2 2 ¡ 2¡ 2 2 ¡ 2¡ 2 3 ¡ 4¡ 4 16¡ 6 ¡ 6 17¡ 6 ¡ 6

q = 7 k j / k q + 1 0.0031 0.0540 0.0976 0.1403 0.4358 0.4533 0.5749
Ãk 1 2 2 3 6 7 10
k 1¡ 2 ¡ 2 1 ¡ 2¡ 2 2 ¡ 2¡ 2 2 ¡ 2¡ 2 6 ¡ 4¡ 4 5 ¡ 4¡ 4 8 ¡ 4¡ 4

a,bThe same as Table 7.



348 ZHANG AND ZERVA

computational amounts saved; the two proposed algorithms con-
verge essentially at the same rate; the required number of iterations
in the acceleratedalgorithmsdependsmainly on the eigenvalueratio
once the relative error is given, and thus it is possible to be estimated
a priori.

VII. Concluding Remarks
Assume that the ® rst q eigenvectorderivativesof a structural dy-

namic system are demanded and these q eigenvalues and eigenvec-
tors are available. Only the ® rst several, if any, eigenvector deriva-
tives computedby the truncatedmodal methodmeet a mediate accu-
racy requirement.With the cost of calculatingan additionalstiffness
matrix inverse,Wang’s modi® edmodal methodgreatlyimprovesthe
accuracyof the solutions,and then more eigenvectorderivativeswill
be acceptable. In Refs. 17 and 18 Wang’s method was extended to a
basic iterativemethod.Theoretically,all of the q eigenvectorderiva-
tives can be computed exactly using the basic iterative method. The
cost is the iterative process. It was shown that, using the basic it-
erative method, the j th ( j · q) eigenvector derivative converges
at the rate of the eigenvalue ratio k j / k q + 1. For most of the eigen-
vector derivatives demanded, k j / k q + 1( j < q) are expected to be
small, and the iterative method converges rapidly. However, for the
last several eigenvector derivatives, k j / k q + 1 may be close to 1 and
the iterative method becomes expensive. The problem may arise
when k j / k q + 1 > 0.70. In this paper, acceleration techniques are
presented for the iterative method. Numerical examples show that
when k j / k q + 1 > 0.70, 50±90% of the iterations will be saved,
and the larger the k j / k q + 1, the larger the percentagecomputational
effort saved. Like the basic iterative method, no dependence on
the system dimension is observed for the accelerated method. The
procedure is applicable to systems with zero and repeated eigen-
values.

The proposed procedure is simple, systematic, ef® cient, and nu-
merically stable.

Appendix: Properties of Eq. (19)
In this Appendix,we show that Eq. (19) de® nes a unique solution

for V j u that can be solved directly as a linear system. Noting that
A = W u K ¡ 1

u W t
u , and W W t M = I , we begin with rewriting Eq. (19)

as

[I ¡ k j AM]V j u = [I ¡ k j W u K ¡ 1
u W t

u M]V j u

= [ W W t M ¡ W [0 0

0 k j K ¡ 1
u

] W t M]V ju

= W [ I ¡ [0 0

0 k j K ¡ 1
u

]] W t MV j u

= W [ I 0

0 I ¡ k j K ¡ 1
u

] W t MV ju = AF j u j (A1)

where the matrix I ¡ k j K ¡ 1
u is diagonal and greater than zero. It is

seen that the coef® cient matrix of Eq. (A1) has a known eigenstruc-
ture: its eigenvectors remain the same as W , and its eigenvalues are
given by

[ I 0

0 I ¡ k j K ¡ 1
u

]
It is also seen that if M = I , the coef® cient matrix is symmetric and
positive de® nite. Furthermore, premultiplication of M will always
give a symmetric and positive de® nite coef® cient matrix.

The unique solution de® ned by Eq. (A1) is the exact solution
given by Eq. (10). From Eq. (A1) it follows that

V ju = W [ I 0

0 [I ¡ k j K ¡ 1
u ]¡ 1] W t M AF j u j

= W [ I 0

0 [I ¡ k j K ¡ 1
u ]¡ 1] W t M W u K ¡ 1

u W t
u F j u j

= W [ I 0

0 [I ¡ k j K ¡ 1
u ]¡ 1] [0 I ]t K ¡ 1

u W t
u F j u j

= W u[I ¡ k j K ¡ 1
u ]¡

1
K ¡ 1

u W t
u F j u j = W u [K u ¡ k j ]¡ 1 W t

u F j u j

=
n

Si = q + 1

u t
i F j u j

k i ¡ k j

u i (A2)
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